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([13]) , , E.H.Agnes Singular






$\mathrm{F}$ 0 , $n$ , $n$ $x_{1},$ $x_{2},$ $\ldots,$ $x_{n}$ $\mathrm{F}$
$\mathrm{F}[x_{1}, \ldots, x_{n}]$ . $\mathrm{G}\mathrm{L}(\mathrm{F}^{1})$ \Gamma \subset GL( ) , $\Gamma$ $\mathrm{F}[x_{1}, \ldots, x_{n}]$
( ) \pi =(\pi iDl\leq $\leq n\in\Gamma$
$\iota v_{\pi}$ : $\mathrm{F}[x_{1}, \ldots,x_{n}]$ $arrow \mathrm{F}[x_{1}, \ldots,x_{n}]$
$f(x_{1}, \ldots,x_{n})\vdash+f(\sum_{j=1}^{n}\pi_{1j}x_{j}, \ldots,\sum_{j=1}^{n}\pi_{nj}x_{j})$
(1)
. $x_{1},$ $\ldots,$ $x_{n}$ $\mathrm{x}$ , (1)&J ,
$\omega_{\pi}(f(\mathrm{x}))=f(\pi\cdot \mathrm{x})$
.
21 $f\in \mathbb{R}x_{1},$ $\ldots,$ $x_{n}$ ] , $\omega_{\pi}(\pi\in\Gamma)$ ,
$f(\mathrm{x})=f(\pi\cdot \mathrm{x})$ $\forall\pi\in\Gamma$
, $\Gamma$ . , $\Gamma$ ( ) $x_{1}$ , ... , $x_{n}]^{\Gamma}$
. $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ $\mathrm{F}[x_{1}, \ldots, x_{n}]$ , , $\mathrm{F}$ $\mathrm{F}$
. $\Gamma$ .




$f\mathrm{C}\mathbb{F}[x_{1}, \ovalbox{\tt\small REJECT}. , x,]$ $\mathrm{F}$ , $f$ $\mathrm{F}$
. , F , . . . , $x_{n}]^{\mathrm{F}}$ $\mathbb{F}$ , $\mathrm{F}[\mathrm{r}_{1}, \ldots, x_{n}]\mathit{5}$
$d\mathrm{C}\mathbb{N}_{0}$
22Reynolds Noether
22 $R_{\Gamma}$ $\Gamma$ Reynolds .
$R_{\Gamma}$ :
$\mathrm{F}[x_{1}, \ldots, x_{n}]f$ $\mapstoarrow$
$\frac{\mathrm{F}[1}{|\Gamma|}\sum_{\pi\in\Gamma}f(\pi\cdot \mathrm{x})x_{1},\ldots,x_{n}]=\frac{1}{|\Gamma|}\sum_{\pi\in\Gamma}\omega_{\pi}(f)$
23
(1) $f\in \mathrm{F}[x_{1}, \ldots, x_{n}]$ , $R_{\Gamma}(f)\in \mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ , $d\in \mathrm{N}_{0}$ [ ,
$R_{\Gamma}(\mathrm{F}[x_{1},.\cdots, x_{n}]_{d})=\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}^{\Gamma}$ .
(2) Reynolds $R_{\Gamma}$ $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ .
2.4 $\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}^{\Gamma}$ xl, . . ., $x_{n}]_{d}$ $m$ Reynolds $R_{\Gamma}(m)$
. $R\mathrm{r}(m)$ 1 $R\mathrm{r}(m_{1}),$ $\ldots,$ $R_{\Gamma}(m_{k})$ , $k$
xl, . . . , $x_{n}]_{d}^{\Gamma}$ $\dim_{\mathrm{F}}(\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}^{\Gamma})=k$ .
Reynolds , , $\mathrm{F}$
.
25(Noether 1916[10]) $\Gamma\subset \mathrm{G}\mathrm{L}(\mathbb{P})$ $|\Gamma|$ . , $|\Gamma|$
,
$\mathrm{x}^{\beta}=x_{1}^{\beta_{1}}\cdots x_{n}^{\beta_{n}}$ $(|\beta|=\beta_{1}+\cdots+\beta_{n}\leq|\Gamma|)$
Reynolds $S$ , $\Gamma$
$S$ .
23Hilbert Molien
26 $x_{1}$ , .. . , $x_{n}]^{\Gamma}$ F , $\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}^{\Gamma}$ $\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}$
$\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ Hilbert $H_{\Gamma}(X)$






F , . . . , $x_{n}]^{1}$ $\mathrm{H}\mathrm{i}\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{r}\mathrm{t}$ $H,(X)$ ,
$\frac{1}{|\Gamma|}\sum_{\pi\in\Gamma}\frac{1}{\det(I-X\cdot\pi)}$
. , $I$ $n$ .
, ,










28 $S$ $R$ . $a\in S$ $R$
, $a$ , $R$ 1 . , $S$
$R$ , $S$ $R$ .
29 ([13]).
29 $\mathrm{F}[x_{1}, \ldots, x_{n}]$ $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ .
210 ( ) $K$ $L$ .
(1) $L\supseteq K$ $L\supseteq K$ , $K$ . $L\supseteq K$
.
(2) $L\supseteq K$ $B\subset L$ , $K$ , $B$
$L\supseteq K$ .
(3) $L\supseteq K$ ,
. $L\supseteq K$ , $\mathrm{t}\mathrm{r}\deg_{K}(L)$ .
(4) $R$ , $K$ , $R\supseteq K$ . $R$ $K$




211 $S\ovalbox{\tt\small REJECT} R$ , $S$ $R$ , $R$ $\mathrm{F}$ , $\mathrm{t}\mathrm{r}\deg_{\mathrm{F}}(S)\ovalbox{\tt\small REJECT} n$
. , $\mathrm{t}\mathrm{r}\deg_{\mathrm{F}}(R)\ovalbox{\tt\small REJECT} n$ . , $R$ $\mathbb{F}$
$n$ .
, ( ) $S=\mathrm{F}[x_{1}, \ldots, x_{n}]\supset \mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}=R$ ,
.







$A\neq\{0\}$ $\mathrm{F}$ , $A$ $\mathrm{F}$ $n$ ,
$p_{1},$ $\ldots,p_{n}\in A$ .
(1) $p_{1},$ $\ldots,p_{n}$ $\mathrm{F}$ .
(2) $A$ $\mathrm{F}[p_{1}, \ldots,p_{n}]$ . , $A$ $\mathrm{F}1p_{1},$ $\ldots,p_{n}$]
.
2.14 (Noether , ) Noether 2.13 $\mathrm{F}1\mathrm{p}_{1},$ $\ldots,p_{n}$ ]
, $A$ Noether . $p_{1},$ $\ldots,p_{n}$
Noether . $p_{1},$ $\ldots,p_{n}$ $A$ .
h.s.o.p. (homogeneous system of parameters) .
$A=\oplus A_{d},$ $(A_{0}=\mathrm{F})$ $\mathrm{F}$ $A$ $\mathrm{F}$ $n$ ,
$d\mathrm{C}$
Noether pl, . . . , $p_{n}$ , $A$ $\mathrm{F}[\mathrm{p}_{1}, \ldots,p_{n}]$
. , $A$ $\mathrm{F}[p_{1}, \ldots,p_{n}]$ .
$p1,$ $\ldots$ ,p , $A$ Cohen-Macaulay
. , $p_{1},$ $\ldots,p_{n}$ $\mathrm{F}$ $A$











216 (Hochster and Eagon [6])
$\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ [ Cohen-Macaulay , \coprod $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ ,
. $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ $P1,$ $\ldots$ ,p
, $s_{1},$ $\ldots,$ $s_{b}\in \mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ , ( )
$\mathrm{F}[x_{1}, \ldots,x_{n}]^{\Gamma}=\oplus^{t}s_{j}\mathrm{F}[p_{1}, \ldots,p_{n}]j=1$





$x_{n}]^{\Gamma}$ Primary Invariants $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$
, $n$ $p_{1},$ $\ldots,p_{n}$ ,
$\mathrm{F}[x_{1}, \ldots,x_{n}]^{\Gamma}$ $\mathrm{F}[p_{1}, \ldots,p_{n}]$ .
Reynolds , .
$\bullet$ Reynolds $n$
. , , $n$
.
$n$ pl, . . . , $p_{n}$ , xl, ... , $x_{n}]^{\Gamma}$ $\mathfrak{G}1,$ $\ldots,p_{n}$]
, $p_{1},$ $\ldots,p_{n}$ .
, Primary Invariants $p_{1},$ $\ldots,p_{n}$ .
, pl, ..., $Pn$ , , $\mathrm{F}[\mathrm{P}1, \ldots,p_{n}]$
.
3.1 ([1]) $p1,$ $\ldots,pm\in \mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ .
(1) $\mathrm{F}[x1, \ldots, x_{n}]^{\Gamma}$ $\mathrm{F}[p1, \ldots,p_{m}]$ ,
$\sqrt{\langle p_{1},\ldots,p_{m}\rangle}=\langle x_{1}, \ldots, x_{n}\rangle$ . (3)
. $\langle p_{1}, \ldots,p_{m}\rangle$ xl, . . . , $x_{n}$ ] ,
$\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ . $\sqrt{\langle p_{1},\ldots,p_{m}\rangle}$
($p_{1},$ $\ldots,p_{m}\rangle$ .
(2) (1) , $m\geq n$ . $m=n$ , $\mathrm{F}[p_{1}, \ldots,p_{n}]$
xl, . .., $x_{n}]^{\Gamma}$ Noether




3.1 , Primary Invariants :Reynolds
Primary Invariants $\{p_{1}, \ldots,p_{i}\}$ , $q$ $q\not\in$
$\sqrt{\langle p_{1},\ldots,p_{i}\rangle}$ $q:=pi+1$ Primary Invariants ( $l\mathrm{I}$ , $q\in\sqrt{\langle p_{1},\ldots,p_{i}\rangle}$
, $q$ , Reynolds .
$p_{1},$ $\ldots,p_{m}$ (3) .
, $m\geq n$ . $m=n$ , $p_{1},$ $\ldots$ ,p Primary Invariants ,
$p_{1},$ $\ldots,p_{m}$ $n$ (4) . $m$








32([1]) $p_{1},$ $\ldots,p_{m}\in \mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ . $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$
$\mathrm{F}[p_{1}, \ldots,p_{m}]$ , ,
$\dim(\langle p_{1}, \ldots,p_{m}\rangle)=0$.
, $m\geq n$ . $m=n$ , $\mathrm{F}[p_{1}, \ldots,p_{n}]$







: $\Gamma$ $\pi_{1},$ $\ldots,$ $\pi_{k}$













$m(\begin{array}{l}n+d-1d\end{array})$ $\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}$
.
for $j$ from 1to $(n+d-1d)$ by 1do
$R_{\Gamma}(m_{j})$ .
if $R\mathrm{r}(mj)\neq 0$ then
$R\mathrm{r}(mj)\in\sqrt{\langle q_{1},\ldots,q_{m}\rangle}$ .
if $R\mathrm{r}(mj)\not\in\sqrt{\langle q_{1},\ldots,q_{m}\rangle}$ then
$m:=m+1$
$q_{m}:=R_{\Gamma}(m_{j})$
if $|$ {$q_{i}|\deg(q_{i})=d$ and $1\leq i\leq m$} $|=c_{d}$ then
break[of for loop]
$l:=l+1$
until $\dim(\langle q_{1}, \ldots : q_{m}\rangle)=0$
if $m=n$ then





0 , $n$ .
Hilbert , ,
33 , Primary Invariants
$Q$ Reynolds . $Q$
, $Q$ Primary Invariants .
, Primary Invariants $n$ Primary Invariants
. , Primary Invariants Primary





[ Primary Invariant [ , [ Primary Invarints
. t Molien
([13]).
3.4 $m1,$ $\ldots,p_{n}$ ] $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ Noether .




$b_{\ovalbox{\tt\small REJECT}}$ $X$ , $b_{i}$ , $s_{i}$ Secondary Invariants
.




, Secondary Invariants . ,
Secondary Invariants [ , $d$ , $d$ Secondary Invariants
. $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ Primary Invariants
$p_{1},$ $\ldots,p_{n}$
$\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$ , xl, .. . , $x_{n}]^{\Gamma}/\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$
$t$ 3.4 (6) , Secondary Invariants
$s_{i}+\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}(i=1, \ldots, t)$ . ,
$\mathrm{F}$
$V_{d}=\{s+\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}|s\in \text{ }x_{1}, \ldots,x_{n}]_{d}^{\Gamma}\}$
$d$ . $s+\langle p_{1},$ $\ldots,p_{n})^{\Gamma}$
$\mathrm{F}$ 1 . 3.4 (5)
$X^{d}$ . $V_{d}$
([1]).
3.5 $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}$ Primary Invariants $p_{1},$ $\ldots,p_{n}$ , $s_{1}’,$ $\ldots,$ $s_{t_{d}}’(td\leq\dim(Vd))$
$s_{j}’+\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$ $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}/\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$
$\mathrm{F}$ 1
$d$ . $s$ $d$ . ,
.
(1) $\{s_{j}’+\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}|1\leq j\leq t_{d}\}$ $s+\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$ $\mathrm{F}[x_{1}, \ldots, x_{n}]^{\Gamma}/\langle p_{1}, \ldots,p_{n}\rangle^{\Gamma}$ $\mathrm{F}$
1 .
(2) $s\not\in\langle s_{1}’, \ldots, s_{l_{d}}’,p_{1}, \ldots,p_{n}\rangle^{\Gamma}\subset$ $x_{1},$ $\ldots,$ $x_{n}]^{\Gamma}$
(3) $s\not\in\langle s_{1}’, \ldots, s_{t_{d}}’,p_{1}, \ldots,p_{n}\rangle\subset \mathrm{F}[x_{1}, \ldots, x_{n}]$
(1) (2) . (3) , (3)




: Primary Invariants $p_{1},$ $\ldots,p_{n}$ , Reynolds $R\mathrm{r}$ ,
Hilbert $H_{\Gamma}(X)$




1 $H_{\Gamma}(X) \cdot\prod_{i=1}^{n}(1-X^{\deg\omega i}))$ , $d’$ .
$0\leq d\leq d’$ , $H_{\Gamma}(X) \cdot\prod n(1-X^{\deg(p_{i})})$ $X^{d}$ $t_{d}\in \mathbb{N}_{0}$ .
$i=1$
$t:=0$
forl $d$ from 0to $d’$ by 1do
$\mathrm{i}\mathrm{f}\mathrm{l}td\neq 0$ then
$m_{1},$ $\ldots,$ $m(n+d-1d)$ $\mathrm{F}[x_{1}, \ldots, x_{n}]_{d}$ .
$\mathrm{f}\mathrm{o}\mathrm{r}2$ $l$ from 1 to $(n+d-1d)$ by 1do
$R\mathrm{r}(m\iota)$ .
$\mathrm{i}\Omega R_{\Gamma}(m_{l})\not\in\langle sj|\deg(sj)=d, 1\leq j\leq t\rangle+\langle p_{1}, \ldots,p_{n}\rangle$ then
$t:=t+1$
$s_{t}:=R_{\Gamma}(m_{l})$
iffl $|\{sj|\deg(sj)=d, 1\leq j\leq t\}|=td$ then
break [of fOr2 loop]
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(fin 0 , .
, $\frac{\pi}{2}(90^{\mathrm{o}})$ $\pi_{1}$ 4




$\mathrm{P}\mathrm{a}\mathrm{i}1=\mathrm{n}\mathrm{e}\mathrm{w}\mathrm{m}\mathrm{a}\mathrm{t}$ (2,2, [[0, -1], [ 1, 0] ]) ;
. ne at 2 2, 2 2 2
.
, $\Gamma$ Gamma $=\{\pi_{1}\}$
$\mathrm{G}$amma $=[\mathrm{P}\mathrm{a}\mathrm{i}1]$ ;
. 2 2 . G a
$\Gamma$ Primary Invariants Secondary Invariants






, Primary Invariants $p_{1}=x_{1}^{2}$ $x_{2}^{2},$ $P2=x_{1}^{4}+x_{2}^{4}$ , Secondary Invariants $s_{1}=$
$1,$ $s_{2}=x_{1}x_{2}^{3}-x_{1}^{3}x_{2}$ . , $p_{1},p_{2},$ $s_{1},$ $s_{2}$ Invar t
. , , ,
Primary Invarinats Secondary Invariants . ,
$f=-4x_{1}^{5}x_{2}+3x_{1}^{4}+2x_{1}^{2}x_{2}^{2}+4x_{1}x_{2}^{5}+3x_{2}^{4}$ . [




. 1 true $f$ , ( false
). 2 $f$ $p1,p2,$ $s1,$ $s2$
$f=p_{1}^{2}+2p_{2}+4p_{1}s_{2}$ $(=s_{1}(p_{1}^{2}+2p_{2})+s_{2}(4p_{1})\in s_{1}\mathrm{F}[p_{1},p_{2}]+s_{2}\mathrm{F}[p_{1},p_{2}])$
.
, $\pi_{1}=\frac{1}{\sqrt{2}}(\begin{array}{ll}1 11 -1\end{array}),$ $\pi 2=($ $01$ $\sqrt{-1}0$ )
$\Gamma$ Primary Invariants Secondary Invariants .
, $\sqrt{2}$ $\sqrt{-1}$
ROOt2 $=\mathrm{n}\mathrm{e}\mathrm{w}\mathrm{a}( \mathrm{x}^{\wedge}2-2)$ ;




, $\psi$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $x^{2}-2,$ $x^{2}- 1\ovalbox{\tt\small REJECT}$ .
$(\# 0)$ $\psi_{\ovalbox{\tt\small REJECT}}(\# 0$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$(\# 0)$ ( $\#\mathrm{D}$ , $\mathrm{R}\ovalbox{\tt\small REJECT} \mathrm{t}2$ , I . , ,
$\pi_{1},$ $\pi_{2}$
Pai1 $=\mathrm{n}\mathrm{e}\mathrm{w}\mathrm{m}\mathrm{a}\mathrm{t}$ (2, 2, [[1, 1 1, [ 1, -1] 1 ) ;
Pail $=\mathrm{P}\mathrm{a}\mathrm{i}\mathrm{l}$ $/\mathrm{R}\mathrm{o}\mathrm{o}\mathrm{t}2$ ;
Pai2 $=\mathrm{n}\mathrm{e}\mathrm{w}\mathrm{m}\mathrm{a}\mathrm{t}$ $($ 2, 2, [[1, 0], [0, $\mathrm{I}]$ ] $)$ ;
. , G a , finvar
G a . ,
Gamma $=$ [Pail , Pai2];





Primary Invariants Secondary Invariants . Secondary
Invariants 1 , Primary Invariants ( $\Gamma$
) . weight enumerator






33 36 , ,
, Reynolds . , 1
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